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Abstract
We fully compute the N = 1 supersymmetrization of the fourth power of
the Weyl tensor in d = 4 x-space with the auxiliary fields. In a previous pa-
per, we showed that their elimination requires an infinite number of terms;
we explicitely compute those terms to order κ4 (three loop). We also write,
in superspace notation, all the possible N = 1 actions, in four dimensions,
that contain pure R4 terms (with coupling constants). We explicitely write
these actions in terms of the θ components of the chiral density ǫ and the
supergravity superfields R,Gm,WABC . Using the method of gauge comple-
tion, we compute the necessary θ components which allow us to write these
actions in x-space. We discuss under which circumstances can these extra
R4 correction terms be reabsorbed in the pure supergravity action, and
their relevance to the quantum supergravity/string theory effective actions.
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1 Introduction
In a previous paper [1], we wrote and analyzed in d = 4,N = 1 superspace a lagrangian
which contained a pure R4 term:
L =
1
2κ2
∫
E
(
1 + αW 2W
2
)
d4θ (1.1)
This lagrangian could be seen as a four dimensional N = 1 string/M-theory effective
action, resulting from a compactification and truncation from ten/eleven dimensions.
In that case the constant α
κ2
could be identified up to a factor with α′3, α′ being the
string slope parameter.
Originally the αW 2W
2
term of this lagrangian was thought of as a possible three-
loop quantum correction to supergravity. In reference [2] it was shown that super-
symmetry implies the one and two-loop finiteness of supergravity, but there exists a
potential non-vanishing on-shell superinvariant which could mean non-finiteness of su-
pergravity at three loops. Later that superinvariant was written in superspace [3, 4]:
it is precisely the α part of (1.1). No one has been able to compute the three-loop
supergravity effective action in order to show if the coefficient of this term is nonzero
or if it vanishes by some miraculous cancellation [5]. Up to that (unknown) numerical
factor, the constant α could be identified with κ6 if (1.1) is that effective action.
In the paper [1], we made a full superspace analysis of (1.1). In section 2 of this
paper, we extend this analysis to x-space. We write down (1.1) in components, leaving
the auxiliary fields. As we have shown in [1], the auxiliary fields do not vanish anymore
with this action; the elimination of the Am auxiliary field would result in a nonlocal
action with an infinite number of terms of all orders in α. We fully compute the terms
which are of first order in α and which could constitute the three-loop supergravity
effective action.
In section 3 we argue that there are other supersymmetric pure R4 terms which
can be considered. These terms can be absorbed in the pure supergravity action by
a field redefinition, but this process induces new higher-order superinvariants. We list
these other supersymmetric R4 terms, compute their bosonic parts and comment on
their properties.
2 The W2+W
2
− supersymmetric action in x space
The lagrangian (1.1) represents the supersymmetrization of one combination of W4,
namely W2+W
2
−
(for notation see appendix A). In order to write it in components, first
we write it in chiral notation:
L =
1
4κ2
∫
ǫ
[(
∇
2
+
1
3
R
) (
−3αW 2W
2
− 3
)]
d2θ + h.c. (2.1)
ǫ is the chiral density; its expansion in components is [6]
2ǫ = e− ieθAσmAA˙ψ
mA˙ − eθ2
(
M − iN −
1
2
ψmA˙ψnB˙σmnA˙B˙
)
(2.2)
We get, then, for the lagrangian,
1
κ2L = −
1
2
eR+
1
4
eεµνρλ
(
ψµA˙σ
AA˙
ν ψρλA − ψµAσ
AA˙
ν ψρλA˙
)
−
1
3
e
(
M2 +N2 −AµAµ
)
−
3
16
eα ∇2W 2
∣∣∣ ∇2W 2
∣∣∣− α
2
eRW 2
∣∣∣W 2
∣∣∣+ 3αe∂µ W 2
∣∣∣ ∂µ W 2
∣∣∣
+
α
4
e W 2
∣∣∣W 2∣∣∣ εµνρλ (ψµA˙σAA˙ν ψρλA − ψµAσAA˙ν ψρλA˙
)
−
3
4
iαe
(
∇AW 2
∣∣∣σµ
AA˙
Dµ ∇
A˙W
2
∣∣∣+ ∇A˙W 2
∣∣∣σµ
AA˙
Dµ ∇
AW 2
∣∣∣)
+
3
4
αeεµνρλψµAσ
AA˙
ν ψρA˙
(
W
2
∣∣∣ ∂λ W 2
∣∣∣− W 2
∣∣∣ ∂λ W 2
∣∣∣)
−
3
2
αe
(
ψµA ∇AW
2
∣∣∣+ σµνABψAν ∇BW 2
∣∣∣) ∂µ W 2
∣∣∣
−
3
2
αe
(
ψµA˙ ∇A˙W
2
∣∣∣− σµν
A˙B˙
ψA˙ν ∇
B˙W
2
∣∣∣) ∂µ W 2
∣∣∣
+
α
2
e
(
W
2
∣∣∣ σµνAB ∇AW 2
∣∣∣ψBµν + W 2
∣∣∣σµν
A˙B˙
∇A˙W
2
∣∣∣ψB˙µν
)
−
3
4
αe ∇AW 2
∣∣∣ ∇A˙W 2
∣∣∣
(
ψµAψ
µ
A˙
+
1
2
σ
µν
A˙B˙
ψµAψ
B˙
ν +
1
2
σ
µν
ABψ
B
µ ψνA˙
)
+
3
8
αeεµνρλσλAA˙
(
W
2
∣∣∣ψAµψBν ψA˙ρ ∇BW 2
∣∣∣− W 2
∣∣∣ψAµψA˙ν ψB˙ρ ∇B˙W 2
∣∣∣)
+
3
16
iαe W 2
∣∣∣ψµB˙ψµB˙ψAν ∇A˙W 2
∣∣∣ σν
AA˙
+
3
16
iαe W
2
∣∣∣ψµBψµBψA˙ν ∇AW 2
∣∣∣σν
AA˙
+
3
8
iαeψµAψA˙µ σ
ν
AA˙
(
W 2
∣∣∣ψB˙ν ∇B˙W 2
∣∣∣− W 2
∣∣∣ψBν ∇BW 2
∣∣∣)
−
3
8
iαeσν
AA˙
(
W 2
∣∣∣ψµAψB˙µ ψνB˙ ∇A˙W 2
∣∣∣+ W 2
∣∣∣ψBν ψµBψA˙µ ∇AW 2
∣∣∣)
−
α
3
e
(
M2 +N2 − AµAµ
)
W 2
∣∣∣W 2
∣∣∣+ α
4
e ∇AW 2
∣∣∣ ∇A˙W 2
∣∣∣σν
AA˙
Aν
−
α
4
e (M + iN)W
2
∣∣∣ ∇2W 2
∣∣∣− α
4
e (M − iN) W 2
∣∣∣ ∇2W 2
∣∣∣
+ iαe
(
W
2
∣∣∣ ∂µ W 2
∣∣∣− W 2∣∣∣ ∂µ W 2
∣∣∣)Aµ
−
i
2
αe
(
W
2
∣∣∣ ∇AW 2∣∣∣ψµA − W 2
∣∣∣ ∇A˙W 2∣∣∣ψµ
A˙
)
Aµ (2.3)
In order to compute this lagrangian in terms of the x-space fields, we are interested
in the component expansion of W 2. From (A.15), one can derive
W 2
∣∣∣ = 1
6
ψmnCψmnC −
i
24
εmnrsψCmnψrsC −
i
24
εmnrtψAmnψrsC (σ
s
t )
C
A
+
1
12
AnA
mψnAψmA −
1
12
AmAmψ
nAψnA
−
i
48
εmnrtAsAmψ
A
nψrC (σ
s
t )
C
A +
i
3
ψmnAAmψnA
+
1
12
εmnrsArψ
C
mnψsC +
1
12
εmnrtψAmnArψsC (σ
s
t )
C
A (2.4)
From the relation
∇AWBCD = ∇AWBCD −
1
4
εAB∇
EWECD −
1
4
εAC∇
EWEBD −
1
4
εAD∇
EWEBC (2.5)
2
one can easily show that one may write ∇AW 2 = −2WBCD∇AWBCD as
∇AW
2 =
1
2
W BCA ∇
DWDBC − 2W
BCD∇AWBCD (2.6)
and, using (A.5), one can also show that
∇AWABC
∣∣∣ = −2iσmnBC ∇mGn|
= −
2
3
iσmnBCe
µ
m DµAm + iσ
mn
BCψ
A
m ∇AGn|+ iσ
mn
BCψ
A˙
m ∇A˙Gn| (2.7)
In the same way one has, from (2.5) and the solution to the Bianchi identities,
∇2W 2 = −2
(
∇AWBCD
)
∇AWBCD + 2W
ABC∇2WABC
= −2
(
∇AWBCD
)
∇AWBCD + 12 (∇
mGn)∇mGn
− 12 (∇mGn)∇nGm − 12iε
mnrs (∇mGn)∇rGs
−
5
3
RW 2 − 20WABCG A˙A ∇BGCA˙ + 8iW
ABC∇ A˙A ∇BGCA˙ (2.8)
with
∇ A˙A ∇BGCA˙
∣∣∣ = σm A˙A e µmDµ ∇BGCA˙
∣∣∣− 2 (M − iN) σmnABψmCAn
+
i
6
σmnABψmCe
µ
n ∂µ (M − iN)−
i
48
σmnABψmCψ
D˙
n ∇D˙R|
+
i
2
σmnABσ
p
CD˙
ψD˙p ∇mGn| −
1
2
σm A˙A ψ
D˙
m ∇D˙∇BGCA˙
∣∣∣ (2.9)
We have thus expressed the x-space components necessary to compute our la-
grangian in terms of the independent components listed in (A.10). These components,
as well as ∇mGn|, are presented in appendix A. Some of them are presented for the first
time in the literature. The knowledge of these components allows us to fully compute
the lagrangian (2.3), leaving the auxiliary fields in it.
In [1], we computed the field equations for (1.1). We showed that the auxiliary
fields M,N satisfied an algebraic field equation, in terms of e mµ , ψµ and the auxiliary
field Am. This field equation can be obtained by taking the θ = 0 component of
R = 6αW
2
∇2W 2 + 12α2W
4
W 2∇2W 2 (2.10)
These auxiliary fields can then be eliminated, leaving an action with higher powers of
α and Am.
The elimination of Am is much more problematic. Expressing this auxiliary field
in terms of e mµ and ψµ, we get a series of terms with infinite powers of α. This series
cannot be expressed in a closed form; it is the solution of a differential equation -
the field equation for Am - the solution of which can only be iterated order by order
in α. Ingenuously, one would expect the effective action (1.1) to be just of order κ4
(or α′3) but, from what we said, the closeness of the supersymmetry algebra requires,
because of the elimination of Am, the appearance of terms of infinitely high order in
κ (or α′). Notice that these terms all come from the auxiliary field sector and do not
3
include terms which are pure (i.e. without matter couplings) powers of the Riemann
tensor. These pure Riemann terms obviously exist in the full loop (α′) expansion,
which is not fully given by (1.1). The full quantum action will include more terms
as (1.1) but with larger powers of the Riemann tensor. Each of them will presumably
need, on-shell, an infinite number of terms with all powers of the Riemann tensor to
be supersymmetrized, like the simplest one we have analyzed.
The three-loop effective action (1.1) was written based on the dimensional analy-
sis of its leading bosonic part and on the requirement of supersymmetry. Since any
regularization procedure works order by order in perturbation theory, it cannot intro-
duce (at three loops or at any other loop) an infinite number of terms of arbitrary
order in the coupling constant, as it is required by supersymmetry. Therefore, it is not
possible to fully preserve supersymmetry while regulating the theory; supersymmetry
transformations must be truncated to the power of κ at which the theory is being
regulated.
Having this in mind, now we compute the three-loop (or α′3) terms in ∇AW 2
∣∣∣ and
∇2W 2|, i.e. the terms which would not contribute to (2.3) with more powers of α. Since
all these terms are already multiplied by α, the terms we are looking for are simply the
α = 0 (on-shell) terms of ∇AW 2| and ∇2W 2|, i.e. the terms without auxiliary fields.
From (2.6), (2.8) and the components in appendix A, it is only a matter of calculation.
We leave the details of the calculation to appendix B. Here, we present just the results:
∇AW
2
∣∣∣ = −1
3
W+µνρσψ
µνBσ
ρσ
AB +
i
24
σmnABσ
sDA˙ψBrsψmnA˙ψ
r
D +
i
12
σmsADσ
r
BA˙
ψn Bs ψ
A˙
mnψ
D
r
−
i
4
σr
BA˙
ψmnBψA˙mnψrA −
1
8
εmnrsσ
p
BA˙
ψBrsψ
A˙
mnψpA +
1
12
εmnrsσ
r
BA˙
ψpsBψ mA˙p ψ
n
A
−
1
48
εmnrsσ
pq
ABσ
DA˙
m ψ
B
rsψpqA˙ψnD +
1
24
εmnrsσ
q
sADσ
p
BA˙
ψBrqψ
A˙
mnψ
D
p
+
1
24
εmnrsσ
p
BA˙
ψBrpψ
A˙
mnψsA −
1
24
εmnrsσsBA˙ψ
B
rpψ
A˙
mnψ
p
A
+
i
24
σmnABσ
sDA˙ψBrsψ
r
A˙
ψmnD +
i
12
σmsADσ
r
BA˙
ψn Bs ψ
A˙
r ψ
D
mn −
i
4
σr
BA˙
ψBmnψ
A˙
r ψ
mn
A
−
1
8
εmnrsσ
p
BA˙
ψBrsψ
A˙
p ψmnA +
1
12
εmnrsσ
r
BA˙
ψpsBψnA˙ψ mp A
−
1
48
εmnrsσ
pq
ABσ
DA˙
m ψ
B
rsψnA˙ψpqD +
1
24
εmnrsσ
q
sADσ
p
BA˙
ψBrqψ
A˙
p ψ
D
mn
+
1
24
εmnrsσ
p
BA˙
ψBrpψ
A˙
s ψmnA −
1
24
εmnrsσsBA˙ψ
B
rpψ
pA˙ψmnA +O (α) (2.11)
∇2W 2
∣∣∣ = −2W+µνρσWµνρσ+ + 83 iW
+
µνρσψ
ρAψµνA˙σσ
AA˙
−
8
3
iW+µνρσψ
µνAψρA˙σσ
AA˙
+
1
8
σmnABσ
r A˙
C σ
pqABσsCB˙ψrDψmnA˙ψ
D
s ψpqB˙
+
1
8
σmnABσ
r A˙
C σ
pqABσsCB˙ψmnDψrA˙ψ
D
pqψsB˙
−
1
4
σmnABσ
r A˙
C σ
pqABσsCB˙ψrDψmnA˙ψ
D
pqψsB˙ +O (α) (2.12)
The product σmnABσ
r A˙
C σ
pqABσsCB˙εDE is expanded in appendix B.
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When replaced in (2.3), these expressions will give all (and no more than that)
terms which contribute with a power of κ4 (or α′3). This concludes our calculation
of the three-loop N = 1, d = 4 supergravity effective action, except for the numerical
factor in the definition of α.
3 List and discussion of the different R4 superin-
variants
As proven in [7], in four dimensions there are thirteen independent real scalar
polynomials made from four powers of the irreducible components of the Riemann
tensor, besides the W2+W
2
−
which we analyzed in the previous section 1. These terms
are proportional to R or Sµν and therefore, when written in superspace language, they
are proportional to R or Gm, with the single exception ofW4++W
4
−, which we analyze
at the end.
For each fourth-order scalar polynomial of the Riemann tensor we now give its
superspace supersymmetric form, when it exists. For all the component expansions
see appendix A. Also from these component expansions, or from the off-shell relations
(A.4), (A.5), (A.6), we can derive the R-weights of the superfields and their derivatives
[8]:
∇A 7→ +1, R 7→ +2, Gm 7→ 0,WABC 7→ −1 (3.1)
Having these weights, we can mention in advance that all the actions we are going to
consider preserve R-symmetry.
3.1 R4
The supersymmetrization of the R4 polynomial is written, in superspace, as
κ4
∫
ERR
(
∇
2
R
) (
∇2R
)
d4θ = −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) [
RR
(
∇
2
R
) (
∇2R
)]
d2θ + h.c.
(3.2)
This lagrangian contains a 3
8
κ4e
(
∇2R
)2∣∣∣∣
(
∇
2
R
)2∣∣∣∣ term, the bosonic part of which
being 1536κ4eR4.
3.2 R2SµνSµν
The supersymmetrization of the R2SµνSµν polynomial is included in the following
superspace lagrangian:
κ4
∫
EG2
(
∇
2
R
) (
∇2R
)
d4θ = −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) [
G2
(
∇
2
R
) (
∇2R
)]
d2θ + h.c.
(3.3)
1We recall that the superfield components which contain the Riemann tensor are ∇2R
∣∣ con-
taining R, ∇A∇A˙GBB˙
∣∣∣ containing Sµν = Rµν − 14Rgµν , and ∇AWBCD∣∣ containing WABCD :=
− 1
8
W+µνρσσ
µν
ABσ
ρσ
CD (see appendix A).
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This lagrangian contains a 3
16
κ4e ∇2R
∣∣∣ ∇2R∣∣∣ (∇2∇2 +∇2∇2)G2∣∣∣ term. From (A.33),
and since ∇A∇A˙GBB˙
∣∣∣ ∇A∇A˙GBB˙ | = SµνSµν + fermion terms, ∇2∇2G2
∣∣∣ = − 1
18
R2 −
2SµνSµν + fermion terms, the bosonic part of this lagrangian is given by −
4
3
κ4eR4 −
48κ4eR2SµνSµν .
3.3 RSµνSµσS
νσ
The supersymmetrization of the RSµνS
µ
σS
νσ polynomial is written, in superspace,
as
κ4
∫
E
[
R
(
∇A∇A˙GBB˙
) (
∇C˙GAA˙
) (
∇C˙G
BB˙
)
+ h.c.
]
d4θ
= −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) [
R
(
∇A∇A˙GBB˙
) (
∇C˙GAA˙
) (
∇C˙G
BB˙
)
+ h.c.
]
d2θ
+ h.c. (3.4)
This action contains a 3
16
κ4e ∇
2
R
∣∣∣ ∇A∇A˙GBB˙
∣∣∣ ∇C∇C˙GAA˙
∣∣∣ ∇C∇C˙GBB˙
∣∣∣ + h.c. term.
Since ∇A∇A˙GBB˙
∣∣∣ ∇C∇C˙GAA˙
∣∣∣ ∇C∇C˙GBB˙
∣∣∣ = −SµνSµσSνσ+fermion terms, the bosonic
part of this action is indeed given by 3κ4eRSµνSµσS
νσ.
3.4 SµνSµνSρσSρσ
The supersymmetrization of the SµνSµνSρσSρσ polynomial is included in the fol-
lowing superspace lagrangian:
κ4
∫
E
(
∇
2
G2
)
∇2G2d4θ (3.5)
This lagrangian contains a 3
8
κ4e ∇2∇
2
G2
∣∣∣ ∇2∇2G2∣∣∣ term. Again from (A.33), the
bosonic part of this lagrangian is 3
2
κ4eSµνSµνSρσSρσ +
1
12
κ4eR2SµνSµν +
1
432
κ4eR4.
3.5 SµνSµσS
ρσSνρ
The supersymmetrization of the SµνSµσS
ρσSνρ polynomial is written, in superspace,
as
κ4
∫
E
(
∇C˙GAA˙
) (
∇C˙G
BB˙
) (
∇CGAA˙
) (
∇CG
BB˙
)
d4θ
= −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) [(
∇C˙GAA˙
) (
∇C˙G
BB˙
) (
∇CGAA˙
) (
∇CG
BB˙
)]
d2θ
+ h.c. (3.6)
This action contains a 3
8
κ4e ∇A∇A˙GCC˙
∣∣∣ ∇A∇A˙GDD˙
∣∣∣ ∇B˙∇BGCC˙
∣∣∣ ∇B˙∇BGDD˙
∣∣∣ term,
the bosonic part of which being given by 3
8
κ4eSµνSµσS
ρσSνρ.
6
3.6 RSµρSνσW
µνρσ
The supersymmetrization of the RSµρSνσWµνρσ polynomial is written, in super-
space, as
κ4
∫
E
[
R
(
∇AGBB˙
) (
∇CGD
B˙
)
∇DWABC −R
(
∇A˙GBB˙
) (
∇C˙G D˙B
)
∇D˙WA˙B˙C˙
]
d4θ
= −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) [
R
(
∇AGBB˙
) (
∇CGD
B˙
)
∇DWABC + h.c.
]
d2θ + h.c. (3.7)
This lagrangian contains a 3
16
κ4e ∇2R
∣∣∣ ∇A˙∇AGBB˙
∣∣∣ ∇A˙∇CGDB˙
∣∣∣ ∇AWBCD
∣∣∣+h.c. term.
Using (B.3) one can derive ∇A˙∇AGBB˙
∣∣∣ ∇A˙∇CGDB˙
∣∣∣ ∇AWBCD
∣∣∣ = −4
3
SµρSνσW
µνρσ
+ +
fermionic terms, and one can then show that the pure bosonic part of this lagrangian
is 2κ4eRSµρSνσW
µνρσ .
3.7 R2WµνρσWµνρσ
The supersymmetrization of the R2WµνρσWµνρσ polynomial is written, in super-
space, as
κ4
∫
ERR
(
∇2W 2 +∇
2
W
2
)
d4θ
= −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) [
RR
(
∇
2
W
2
+∇2W 2
)]
d2θ + h.c. (3.8)
This lagrangian contains a 3
8
κ4e ∇2R
∣∣∣ ∇2R
∣∣∣ (∇2W 2 +∇2W 2)
∣∣∣ term, the bosonic part
of which being given by −48κ4eR2WµνρσWµνρσ.
3.8 SτλSτλWµνρσWµνρσ
The supersymmetrization of the SτλS
τλWµνρσW
µνρσ polynomial is included in the
following superspace lagrangian:
κ4
∫
EG2
(
∇2W 2 +∇
2
W
2
)
d4θ
= −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) [
G2
(
∇
2
W
2
+∇2W 2
)]
d2θ + h.c. (3.9)
This lagrangian contains a 3
16
κ4e
(
∇
2
∇2 +∇2∇
2
)
G2
∣∣∣ (∇2W 2 +∇2W 2)∣∣∣ term. Its
pure bosonic part is given by 1
24
κ4eR2WµνρσWµνρσ +
3
2
eκ4SτλSτλWµνρσWµνρσ.
3.9 SµνS
τλWτρλσW
µρνσ
The supersymmetrization of the SµνSτλWτρλσWµρνσ polynomial contains the fol-
lowing superspace lagrangian:
7
κ4
∫
EWBCDWB˙C˙D˙
(
∇B˙GBC˙
)
∇CGDD˙d4θ
= −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) (
WBCDWB˙C˙D˙
(
∇B˙GBC˙
)
∇CGDD˙
)
d2θ + h.c. (3.10)
This lagrangian contains a 3
8
κ4e ∇AWBCD
∣∣∣ ∇A˙WB˙C˙D˙
∣∣∣ ∇A∇B˙GBC˙
∣∣∣ ∇A˙∇CGDD˙
∣∣∣ term.
Since ∇AWBCD
∣∣∣ ∇A∇A˙GBB˙
∣∣∣ = 1
12
SµτW
+
µνρσσ
ρσ
CDσ
τν
A˙B˙
+ 2
3
W+µνρσS
µρσν
CA˙
σσ
DB˙
+ fermionic
terms, using the symmetries of the Weyl tensor one can derive the pure bosonic part
of this lagrangian, which is −4
3
κ4eSµνSτλW
+
τρλσW
µρνσ
− .
3.10 S τµ S
λ
ν WτλρσW
µνρσ
The supersymmetrization of the S τµ S
λ
ν WτλρσW
µνρσ polynomial is written, in su-
perspace, as
κ4
∫
E
[
WABCW
CEF
(
∇AGEB˙
)
∇BG B˙F + h.c.
]
d4θ
= −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) [
WABCW
CEF
(
∇AGEB˙
)
∇BG B˙F + h.c.
]
d2θ
+ h.c. (3.11)
This lagrangian contains a − 3
16
κ4e ∇AWBCD
∣∣∣ ∇CWDEF ∣∣∣ ∇A˙∇AGEB˙
∣∣∣ ∇A˙∇BG B˙F
∣∣∣+h.c.
term. Since WCDBFWCDAE =
1
8
σ
µν
BFσ
AE
τλ W
+
µνρσW
τλρσ
+ , the pure bosonic part of this
lagrangian is easily shown to be 3
8
κ4eWτλρσWµνρσS τµ S
λ
ν .
3.11 RW τλµν WτλρσW
µνρσ
The supersymmetrization of the RW τλµν WτλρσW
µνρσ polynomial is written, in su-
perspace, as
κ4
∫
E
(
RWABCW DEA ∇BWCDE + h.c.
)
d4θ
= −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) (
RWABCW DEA ∇BWCDE + h.c.
)
d2θ + h.c. (3.12)
This lagrangian contains a 3
16
κ4e ∇
2
R
∣∣∣ ∇FWABC ∣∣∣ ∇FW DEA
∣∣∣ ∇BWCDE | + h.c. term.
Since WABCFW DEAF WBCDE = −
4
9
W+ τλµν W
+
τλρσW
µνρσ
+ , the pure bosonic part of this
lagrangian is 2
3
κ4eRW τλµν WτλρσW
µνρσ.
3.12 Discussion of the results
We have identified, for a total of twelve independent real scalar polynomials made
from four powers of irreducible components of the Riemann tensor, their corresponding
superspace lagrangians. Obviously our choice of basis for these polynomials is not
unique, and linear combinations of the superspace lagrangians we found can be taken
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freely, in order to supersymmetrize any desired linear combination of the Riemann
polynomials.
Also other contractions of indices could have been taken, both in the Riemann
polynomials and in the superspace lagrangians, but they would always be equivalent
to some linear combination of the independent lagrangians we chose. For example, let’s
consider
κ4
∫
E
[
WBCDW
BEF (∇EGFB˙)∇
CGDB˙ + h.c.
]
d4θ
= −
3
2
κ4
∫
ǫ
(
∇
2
+
1
3
R
) [
WBCDW
BEF (∇EGFB˙)∇
CGDB˙ + h.c.
]
d2θ
+ h.c. (3.13)
This lagrangian contains a 3
16
κ4e ∇AWBCD
∣∣∣ ∇AWBEF ∣∣∣ ∇A˙∇EGFB˙
∣∣∣ ∇A˙∇CGDB˙∣∣∣+ h.c.
term. From our previous results, it is easy to show that its pure bosonic part is given
by 1
24
κ4eS τµ S
λ
ν WτλρσW
µνρσ + 1
96
κ4eSτλSτλWµνρσWµνρσ. It is easy to see that it is a
linear combination of the bosonic parts of (3.8), (3.9) and (3.11). Indeed, by partial
integration in superspace, one can see directly that (3.13) is a linear combination of
(3.8), (3.9) and (3.11).
All the supersymmetrizations we have been considering, as we mentioned, are pro-
portional to R or Gm. If they are written simply as quantum corrections to pure
supergravity, they can be reabsorbed by field redefinitions, according to [2, 9]. In
superspace this can be seen very clearly. We recall that the general variation of the
supergravity action I = 1
2κ2
∫ ∫
Ed4θd4x under any transformation of the supervielbein
which preserves the off-shell torsion constraints is given by [10]
2κ2δI =
∫
E
(
2
3
iχAA˙GAA˙ +
1
9
RU +
1
9
RU
)
d4xd4θ (3.14)
The superfields U, χAA˙ are completely arbitrary. Any correction term proportional to R
or Gm can be written in the form (3.14) and, therefore, reabsorbed in the supergravity
action by a redefinition of the supervielbein. In fact, these correction terms to pure
supergravity vanish on shell, because the field equations for pure supergravity areR = 0
and Gm = 0. The supervielbein redefinition will, though, introduce new higher order
superinvariants (by higher order, in this section, we mean κ10 or more), which may
vanish on-shell or not, as we will see below.
The correction in (1.1) cannot be written in the form (3.14), nor can its variation. In
this case, the variation is much more complicated and, although still being proportional
to the arbitrary superfields U, χAA˙, it includes terms with derivatives of R, Gm and
WABC [1]. These terms imply the nontrivial field equations for the auxiliary fields.
There is an interesting aspect about the RW τλµν WτλρσW
µνρσ action (3.12): it has
three powers of the Weyl tensor, while all the other actions we have been considering in
this section have at most two powers of the Weyl tensor. This means all the previous
actions have, in superspace, up to derivatives, at least either two Gm factors, or one
RR factor, or one (R + R)Gm factor. It is then obvious that these actions will not
change the supergravity field equations R = 0, Gm = 0 by themselves; any arbitrary
variation of R or Gm, no matter how complicated it is, will always be multiplied by
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R or Gm (up to derivatives and complex conjugation) and, therefore, will not change
any solution to the field equations. But that is not the case in the action (3.12): a
variation of R would be multiplied by WABC terms which do not vanish on-shell and,
if it is nontrivial, it could induce changes in the field equations.
Indeed, R = −3iT AA˙
AA˙
and, in the notation of our previous paper [1],
δT AA˙
AA˙
= −
1
2
H BB˙
AA˙
T AA˙
BB˙
+HABT A˙
AA˙B
+HAB˙T A˙
AA˙B˙
+
1
2
HABB˙T A˙
AA˙BB˙
+ T AB
AA˙
H A˙B + T
AB˙
AA˙
H A˙
B˙
−∇AA˙H
AA˙ +∇AH A˙
AA˙
(3.15)
The torsion terms are all proportional to R or Gm and vanish on-shell. The same is
true for the ∇AA˙H
AA˙ term (recall that the full set of H NM was computed in [1]). The
∇AH A˙
AA˙
term introduces the following “dangerous” terms:
δR = ∇2
[(
∇
2
+
1
3
R
)
U −
3
4
∇AA˙χ
AA˙ − 3i (∇A∇A˙ −∇A˙∇A)χ
AA˙
]
+ . . . (3.16)
These terms are nonzero on-shell, if (3.12) is taken as a correction to pure supergravity,
and will induce a change in the field equations. This action has the combined features of
all the distinct actions we have analyzed: it changes the supergravity field equations like
(1.1) but, because it is proportional to R, it can still be reabsorbed in the supergravity
action, by a supervielbein redefinition, like all the actions we have analyzed in this
section. Furthermore, because the supervielbein variations H NM include derivatives of
χm and U , we get, after partial integration, terms with derivatives of R and Gm in the
superspace field equations, which may mean that also with this action the auxiliary
fields have nontrivial field equations.
After reabsorbing this term, both in pure supergravity and in (1.1), the new higher-
order superinvariants which are generated are just powers of the Weyl tensor, which
do not vanish on shell. Therefore, although this counterterm vanishes on-shell, it
generates non-trivial higher-order superinvariants, even in pure supergravity (without
the W4 correction in (1.1)).
All the other terms we have considered in this section up to now introduce higher
powers of either R or Rµν , which vanish on-shell if they are the only quantum correc-
tions to supergravity. They will not vanish on-shell when we include theW4 correction
in (1.1).
We emphasize again that the full loop (α′) expansion is not fully given by (1.1),
even after having the higher order terms from the redefinition of the supervielbein.
These terms may need to be included in the full action with different numerical coef-
ficients, and also other higher order terms, not obtained from the redefinition of the
supervielbein, may be needed.
3.13 W4 terms
To conclude our analysis of theR4µνρσ superinvariants in four dimensions, we discuss
now pure Weyl terms.
There are two possible W4 polynomials in four dimensions: the most interesting
W2+W
2
−
, which we analyzed in [1] and in section 2, and W4+ +W
4
−
. This last term
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simply cannot be supersymmetrized, as noticed in [4]. Indeed, in components, this
term would be written as (∇2W 2|)
2
+h.c., which is not a supersymmetric combination
(it cannot result from a superspace integration).
4 Conclusions
From the thirteen independent polynomials that can be built from R4µνρσ, only
twelve of them can be supersymmetrized and, from these twelve, only one - W2+W
2
−
-
cannot be reabsorbed in the pure supergravity action by a redefinition of the superviel-
bein. If this term is included, the field equations are changed and one gets a nonlocal
action after elimination of the auxiliary fields.
In this paper, we took the αW2+W
2
−
case which we had already studied in superspace
in a previous paper, and we worked it out in x-space. We wrote down the action in
terms of the components of theW 2 superfield. We computed these components, leaving
the auxiliary fields which, on-shell, are an infinite series in the coupling constant α.
We worked these components out completely, just in terms of the vielbein and the
gravitino, to zeroth order in α. We got then the supersymmetric W2+W
2
−
action, but
the field equations of the auxiliary fields had to be truncated. This should be the
three-loop supergravity effective action, assuming this theory is not finite to this order.
We showed that every other R4µνρσ term which has a R or Rµν factor is supersym-
metrizable, but can be reabsorbed in the pure supergravity action by a redefinition
of the supervielbein. For each of these terms, we wrote in superspace the respective
supersymmetric completion and we proved its R-invariance. After the supervielbein
redefinition, new higher powers of the Riemann tensor are generated, which we have
not analyzed in detail; we argued, though, that among these terms should exist powers
of the Weyl tensor.
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A From superspace to components in N = 1, d = 4
supergravity
Our conventions have been mostly described in [1]. The Riemann tensor admits,
in d spacetime dimensions, the following decomposition in terms of the Weyl tensor
Wµνρσ, the Ricci tensor Rµν and the Ricci scalar R:
Rµνρσ = Wµνρσ −
1
d− 2
(gµρRνσ − gνρRµσ + gνσRµρ − gµσRνρ)
11
+
1
(d− 1)(d− 2)
(gµρgνσ − gνρgµσ)R (A.1)
We define the traceless Ricci tensor as
Sµν := Rµν −
1
d
gµνR (A.2)
In four dimensions, the Weyl tensor can still be decomposed in its self-dual and antiself-
dual parts:
Wµνρσ =W
+
µνρσ +W
−
µνρσ,W
∓
µνρσ :=
1
2
(
Wµνρσ ±
i
2
ε λτµν Wλτρσ
)
(A.3)
Superspace supergravity is described by two antichiral superfields R,WABC , their
complex conjugates and a real superfield GAA˙, which describe the off-shell solution
to the Bianchi identities. These identities imply the following differential relations
between the superfields:
∇AGAB˙ =
1
24
∇B˙R (A.4)
∇AWABC = i
(
∇BA˙G
A˙
C +∇CA˙G
A˙
B
)
(A.5)
From (A.4) and its complex conjugate and the solution of the Bianchi identities,
we may also derive the following useful relation between superfields:
∇2R−∇
2
R = 96i∇nGn (A.6)
These relations (A.4), (A.5), (A.6) are off-shell identities (not field equations).
In order to determine the component expansion of the supergravity superfields,
we use the method of gauge completion [11, 12, 13, 14]. The basic idea behind it is
to relate in superspace some superfields and superparameters at θ = 0 with some x
space quantities, and then to require compatibility between the x space and superspace
transformation rules.
We make the following identification for the supervielbeins at θ = 0 (symbolically
E NΠ
∣∣∣:
E NΠ
∣∣∣ =


e mµ
1
2
ψ Aµ
1
2
ψ A˙µ
0 δ AB 0
0 0 δ A˙
B˙

 (A.7)
In the same way, we gauge the fermionic superconnection at order θ = 0 to zero and
we can set its bosonic part equal to the usual spin connection:
Ω nµm
∣∣∣ = ω nµm (x)
Ω nAm | , Ω
n
A˙m
∣∣∣ = 0 (A.8)
We also identify, at the same order θ = 0, the superspace vector covariant derivative
(with an Einstein indice) with the curved space covariant derivative:
∇µ| = Dµ (A.9)
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These gauge choices are all preserved by supergravity transformations.
As a careful analysis using the solution to the Bianchi identities and the off-shell
relations among the supergravity superfields R,Gn,WABC shows, the component field
content of these superfields is all known once we know 2
R
∣∣∣ , ∇AR
∣∣∣ , ∇2R
∣∣∣ , GAA˙| , ∇AGBA˙
∣∣∣ , ∇A˙∇AGBB˙
∣∣∣ , WABC | , ∇DWABC
∣∣∣ (A.10)
and their complex conjugates.
All the other components and higher derivatives of R,GAA˙,WABC can be written
as functions of these previous ones. In order to determine the “basic” components,
first we solve for superspace torsions and curvatures in terms of supervielbeins and
superconnections using the identifications (A.7) and (A.8); then we identify them with
the off-shell solution to the Bianchi identities. The process is now standard [12, 13, 14,
15]; we simply collect here the results.
R
∣∣∣ = 4 (M + iN) (A.11)
GAA˙| =
1
3
AAA˙ (A.12)
∇AR
∣∣∣ = −4ψ Bmn σmnAB − 4i (M + iN)ψ B˙AB˙ − 4iAmψmA (A.13)
∇C˙GAD˙
∣∣∣ = 1
4
ψ C
CC˙ D˙A
+
i
6
(M + iN)ψAC˙D˙
+
i
24
(
3AAC˙ψ
C
D˙C
− ACC˙ψ
C
AD˙
+ 3ACC˙ψ
C
D˙A
)
(A.14)
WABC | = −
1
4
ψ C˙
A BC˙C
−
i
4
A C˙A ψBC˙C
= −
1
4
ψmnAσ
mn
BC −
i
4
AmψnAσ
mn
BC (A.15)
With this knowledge, we can already compute ∇mGn|, which is necessary to com-
pute in x-space the terms we analyze in the main text:
∇mGn| = e
µ
mDµ Gn| −
1
2
ψAm ∇AGn| −
1
2
ψA˙m ∇A˙Gn|
=
1
3
e µmDµAn +
i
12
(M − iN)ψAmψnA −
i
12
(M + iN)ψA˙mψnA˙
+
1
6
ψA˙npσ
p
AA˙
ψAm −
i
12
Anψ
A˙
p σ
p
AA˙
ψAm −
1
6
ψAnpσ
p
AA˙
ψA˙m −
i
12
Anψ
A
p σ
p
AA˙
ψA˙m
−
i
24
εnpqsψ
pqA˙σs
AA˙
ψAm −
1
24
εnpqsA
pψqA˙σs
AA˙
ψAm
−
i
24
εnpqsψ
pqAσs
AA˙
ψA˙m +
1
24
εnpqsA
pψqAσs
AA˙
ψA˙m (A.16)
To express ∇2R
∣∣∣ , ∇A˙∇AGBB˙
∣∣∣ , ∇DWABC
∣∣∣, one must identify the (super)curvature
R mnµν with the x-space curvature R
mn
µν , multiply by the inverse supervielbeins
2Underlined indices are symmetrized with weigth one; undotted and dotted indices are always
symmetrized independently.
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E
µ
ME
ν
N , identify with the solution to the Bianchi identities for RMN and extract the
field contents by convenient index contraction/symmetrization. The field content of
these components will include the Riemann tensor in one of its irreducible components
(respectively the Ricci scalar, the Ricci tensor and the Weyl tensor).
The result for ∇2R
∣∣∣ is well known; it is necessary in order to compute the action
for pure supergravity [13]:
∇2R
∣∣∣ = −8R− 32
3
(
M2 +N2
)
−
16
3
AmAm + 16ie
µ
mDµA
m
+ 2εmnrsσAA˙s ψmnAψrA˙ − 2ε
mnrsσAA˙s ψmAψnrA˙
+ 8 (M + iN)ψA˙mψ
m
A˙
+ 8Anσ
AA˙
m ψ
m
Aψ
n
A˙
− 16iψAmnψ
mA˙σn
AA˙
(A.17)
The procedure for computing ∇A˙∇AGBB˙
∣∣∣ , ∇DWABC
∣∣∣ is described in detail in ap-
pendix B of [16], but the full calculation, in terms of the supergravity multiplet, is just
outlined. The results, expressed as functions of the known components, are
∇A∇A˙GBB˙
∣∣∣ = −i ∇AA˙GBB˙
∣∣∣+ 1
8
Rµνρσσ
µν
ABσ
ρσ
A˙B˙
+ GAA˙
∣∣∣ GBB˙
∣∣∣− 1
48
σmnABψmA˙ψnB˙ R
∣∣∣
+
1
48
σmn
A˙B˙
ψmAψnB R|+
1
4
σmnABψmA˙ψ
C
n GCB˙
∣∣∣+ 1
4
σmn
A˙B˙
ψmAψ
C˙
n GBC˙
∣∣∣
+
i
48
σm
AA˙
ψmB˙ ∇BR
∣∣∣+ i
48
σm
AA˙
ψmB ∇B˙R
∣∣∣− i
8
σm
AA˙
ψCm ∇CGBB˙
∣∣∣
−
i
8
σm
AA˙
ψCm ∇BGCB˙
∣∣∣− i
8
σm
CA˙
ψmA ∇
CGBB˙
∣∣∣− i
8
σm
CA˙
ψmA ∇BG
C
B˙
∣∣∣
−
i
4
σm
CA˙
ψCm ∇AGBB˙
∣∣∣− i
8
σm C˙A ψmA˙ ∇B˙GBC˙
∣∣∣− i
8
σm C˙A ψmA˙ ∇C˙GBB˙
∣∣∣
+
i
4
σm
AC˙
ψC˙m ∇A˙GBB˙
∣∣∣+ i
8
σm
AA˙
ψC˙m ∇B˙GBC˙
∣∣∣+ i
8
σm
AA˙
ψC˙m ∇C˙GBB˙
∣∣∣
+
i
2
σm C˙A ψmB WA˙B˙C˙ | −
i
2
σmC
A˙
ψmB˙ WABC | (A.18)
∇AWBCD
∣∣∣ = −1
8
Rµνρσσ
µν
ABσ
ρσ
CD −
1
24
σmnABψmCψnD R| −
1
2
σmnABψ
C˙
mψnC GDC˙
∣∣∣
− iσm
AC˙
ψmB ∇CG
C˙
D
∣∣∣+ iσm
AC˙
ψ C˙m WBCD
∣∣∣ (A.19)
Due to the identity
εmnpqσ
pq
AB = 2iσmnAB (A.20)
the operator σµνABσ
ρσ
CD acts as an “antiself-dual projector”:
Rµνρσσ
µν
ABσ
ρσ
CD = W
+
µνρσσ
µν
ABσ
ρσ
CD =: −8WABCD (A.21)
Wµνρσσ
µν
ABσ
ρσ
A˙B˙
= 0 (A.22)
One can also show that
Rµνσ
µ
AA˙
σν
BB˙
= σµ
AA˙
σν
BB˙
(
Rµν −
1
4
gµνR
)
+
1
2
εA˙B˙εABR (A.23)
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Defining RAA˙BB˙CD = −
1
4
RAA˙BB˙mnσ
mn
CD, the decomposition (A.1) can be written as
[15]
RAA˙BB˙CD =
1
8
εA˙B˙W
+
µνρσσ
µν
ABσ
ρσ
CD +
1
2
εABσ
µ
CA˙
σν
DB˙
(
Rµν −
1
4
gµνR
)
−
1
12
εA˙B˙ (εACεBD + εADεBC)R (A.24)
By extensively (and judiciously) using the equalities
σm
CC˙
σn
AA˙
σ
p
BB˙
= σn
CC˙
σm
AA˙
σ
p
BB˙
+ εCAσ
mn
A˙B˙
σ
p
BC˙
− εC˙A˙σ
mn
ABσ
p
CB˙
+ 2εCAεC˙A˙ (η
mpηnq − ηmqηnp) σqBB˙ (A.25)
σmnABσ
p
CA˙
+ σnpABσ
m
CA˙
+ σpmABσ
n
CA˙
= 2iεmnpqεACσqBA˙ (A.26)
σmn
A˙B˙
σ
p
AC˙
+ σpm
A˙B˙
σn
AC˙
+ σnp
A˙B˙
σm
AC˙
= 2iεmnpqεA˙C˙σqAB˙ (A.27)
we carried the full computations of ∇A∇A˙GBB˙
∣∣∣ and ∇AWBCD
∣∣∣, the results of which
we now present (to our knowledge, for the first time in the literature):
∇A∇A˙GBB˙
∣∣∣ = −1
2
σ
µ
AA˙
σν
BB˙
(
Rµν −
1
4
gµνR
)
+
1
9
AmAnσ
m
AA˙
σn
BB˙
−
i
3
eµmDµAnσ
m
AA˙
σn
BB˙
−
1
6
(M + iN) σm
AA˙
σn
BB˙
ψC˙mψnC˙ −
i
3
ψmAψmnA˙σ
n
BB˙
−
i
3
ψmnAψ
m
A˙
σn
BB˙
−
i
4
σmn
A˙B˙
σ
p
AC˙
ψmnBψ
C˙
p +
i
12
σ
np
A˙B˙
σm
AC˙
ψmBψ
C˙
np +
i
6
σmnABσ
p
CA˙
ψCmnψpB˙
+
1
12
εmnpqψ
mn
A ψ
p
A˙
σ
q
BB˙
−
1
12
εmnpqψ
m
Aψ
np
A˙
σ
q
BB˙
−
i
48
εmnpqA
mψnAψ
p
A˙
σ
q
BB˙
+
1
48
Amσ
m
AA˙
ψnBψ
n
B˙
+
3
16
Amσ
n
AA˙
ψnBψ
m
B˙
−
7
48
Amσ
n
AA˙
ψmBψnB˙
−
1
6
σmnABσ
p
CA˙
Amψ
C
n ψpB˙ +
1
12
σ
mp
A˙B˙
σn
AC˙
AmψnBψ
C˙
p +
1
4
σmn
A˙B˙
σ
p
AC˙
AmψnBψ
C˙
p
−
1
6
σCC˙m σ
n
AA˙
σ
p
BB˙
AmψnCψpC˙ (A.28)
∇AWBCD
∣∣∣ = −1
8
W+µνρσσ
µν
ABσ
ρσ
CD −
1
4
σmnABσ
r
CA˙
AmψnDψ
A˙
r −
1
4
σmrABσ
n
CA˙
AmψnDψ
A˙
r
−
i
4
σmrABσ
n
CA˙
ψnDψ
A˙
mr +
i
4
σmnABσ
r
CA˙
ψmnDψ
A˙
r (A.29)
Knowing these components, we can compute, in x-space, any action which involves
the supergravity multiplet. As an example, necessary for our purposes, we indicate
how to compute some other derivatives of Gm which arise in the field content of some
of the terms in section 3.
∇A˙G
2 = GBB˙∇A˙GBB˙ (A.30)
∇
2
G2 =
(
∇A˙GBB˙
)
∇A˙GBB˙ −
i
6
GBB˙∇BB˙R− RG
2 (A.31)
∇A∇
2
G2 = −2
(
∇A˙GBB˙
)
∇A∇A˙GBB˙ −
i
6
(
∇AG
BB˙
)
∇BB˙R −
i
6
GBB˙∇A∇BB˙R
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− G2∇AR− RG
BB˙∇AGBB˙ (A.32)
∇2∇
2
G2 = −
1
1152
(
∇2R
)
∇2R− 2
(
∇A∇A˙GBB˙
)
∇A∇A˙GBB˙ −
1
3
G2∇2R
+
i
6
(
∇C˙GAD˙
)
∇AD˙∇C˙R−
i
3
Gm∇m∇
2R−
i
144
(∇C˙R)∇
AC˙∇AR
+
1
3456
R
(
∇AR
)
∇AR +
1
96
GBB˙
(
∇BR
)
∇B˙R +
1
18
(
∇mR
)
∇mR
−
7
6
GBB˙
(
∇AR
)
∇AGBB˙ +
7
12
GBB˙
(
∇A˙R
)
∇A˙GBB˙ +
2
9
iRGm∇mR
−
i
3
RGm∇mR −
i
3
(
∇AGBB˙
)
∇BB˙∇AR−
5
3
R
(
∇A˙GBB˙
)
∇A˙GBB˙
+ RRG2 + 8 (∇mGn)∇mGn − 8 (∇
mGn)∇nGm + 8iε
mnrs (∇mGn)∇rGs
+ 8i
(
∇A˙GBB˙
)
∇A
A˙
∇AGBB˙ − 12
(
∇A˙GBB˙
)
GA
A˙
∇AGBB˙
+ 16W A˙B˙C˙GB
C˙
∇A˙GBB˙ (A.33)
B Detailed calculation of ∇AW
2
∣∣∣ and ∇2W 2
∣∣∣ at tree
level
Let’s start by computing ∇AW 2|. From (2.6), we may write
∇AW
2
∣∣∣ = −2WBCD∣∣∣ ∇AWBCD
∣∣∣+O (α) (B.1)
which may be written, from (A.15) and (A.29), as
∇AW
2
∣∣∣ = − 1
16
Rµνρσσ
µν
ABσ
ρσ
CDψ
rsBσCDrs −
i
8
ψrsBψmnDψpA˙σ
CD
rs σ
mn
ABσ
p A˙
C
+
i
8
ψrsBψpDψmnA˙σ
CD
rs σ
mn
ABσ
p A˙
C +O (α) (B.2)
Let’s consider first the terms in (2.11) which depend on the Riemann tensor. Using
the expansion
σmnABσ
pq
CDσ
rsAB = −
2
3
σ
pq
CD (η
msηnr − ηmrηns)−
2
3
σmnCD (η
psηqr − ηprηqs)
−
2
3
σrsCD (η
mpηnq − ηnpηmq)−
2
3
iεmnrsσ
pq
CD −
2
3
iεpqrsσmnCD
−
i
6
εpqnrσmsCD +
i
6
εpqmrσnsCD −
i
6
εmnqrσ
ps
CD +
i
6
εmnprσ
qs
CD
+
i
6
εpqnsσmrCD −
i
6
εpqmsσnrCD +
i
6
εmnqsσ
pr
CD −
i
6
εmnpsσ
qr
CD
+
i
6
σ su CD (ε
pqmuηnr − εpqnuηmr + εmnpuηqr − εmnquηpr)
−
i
6
σ ru CD (ε
pqmuηns − εpqnuηms + εmnpuηqs − εmnquηps) (B.3)
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those terms can be obtained from the corresponding one in (B.2). The terms in (2.11)
which do not depend on the Riemann tensor can also be obtained from (B.2) using the
expansion
σmnABσ
rsCDχCψD =
1
6
σmnABσ
rsCDχCψD − (η
msηnr − ηmrηns + iεmnrs)χAψB
+
1
6
σms DA η
nrχBψD −
1
6
σmr DA η
nsχBψD +
1
6
σms DA η
nrχDψB
−
1
6
σmr DA η
nsχDψB −
1
6
σns DA η
mrχBψD +
1
6
σnr DA η
msχBψD
−
1
6
σns DA η
mrχDψB +
1
6
σnr DA η
msχDψB +
i
6
εmnrtσ
ts D
A χBψD
−
i
6
εmnstσ
tr D
A χBψD +
i
6
εmnrtσ
ts D
A χDψB −
i
6
εmnstσ
tr D
A χDψB
(B.4)
This concludes our derivation of (2.11).
In order to compute ∇2W 2| we write, from (2.8),
∇2W 2
∣∣∣ = −2 ∇AWBCD∣∣∣ ∇AWBCD
∣∣∣+O (α) (B.5)
which we may write, from (A.29), as
∇2W 2
∣∣∣ = −2WABCDWABCD + i
8
Rµνρσψ
mDψrsA˙σ
CA˙
m σ
rsABσ
µν
ABσ
ρσ
CD
−
i
8
Rµνρσψ
D
rsψ
m
A˙
σCA˙m σ
rsABσ
µν
ABσ
ρσ
CD +
1
8
σmnABσ
pqABσr A˙C σ
sCB˙ψrDψmnA˙ψ
D
s ψpqB˙
+
1
8
σmnABσ
pqABσr A˙C σ
sCB˙ψmnDψrA˙ψ
D
pqψsB˙
−
1
4
σmnABσ
pqABσr A˙C σ
sCB˙ψrDψmnA˙ψ
D
pqψsB˙ +O (α) (B.6)
From the decomposition (A.24) one can easily derive
WABCDWABCD =W
µνρσ
+ W
+
µνρσ (B.7)
Using the expansion (B.3), it is straightforward to check that
Rµνρσψ
mDψrsA˙σ
CA˙
m σ
rsABσ
µν
ABσ
ρσ
CD =
64
3
W+µνρσψ
ρAψµνA˙σσ
AA˙
Rµνρσψ
D
rsψ
m
A˙
σCA˙m σ
rsABσ
µν
ABσ
ρσ
CD =
64
3
W+µνρσψ
µνAψρA˙σσ
AA˙
(B.8)
Having these expressions, we get (2.12).
We include here the full σ-matrix expansion for the four-fermion terms; we did not
include it in the main body to keep the text more readable:
σmnAB σ
r A˙
C σ
pqABσsCB˙εDE
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=
1
12
σmnABσ
pqABσr A˙C σ
sCB˙εDE +
1
12
σmnABσ
pqABσr A˙C σ
sDB˙εCE
+
1
6
σmnABσ
pqACσr A˙C σ
sBB˙εDE +
1
6
σmnABσ
pqADσr A˙C σ
sCB˙εBE
+
1
6
σmnABσ
pqCDσr A˙C σ
sBB˙εAE +
1
6
σmnABσ
pqACσr A˙C σ
sDB˙εBE
+
1
6
σmnABσ
pqADσr A˙C σ
sBB˙εCE
= −
1
3
(ηmqηnp − ηmpηnq + iεmnpq)
(
σrsA˙B˙ + ηrsεA˙B˙
)
εDE
+
1
6
(ηmqηnp − ηmpηnq + iεmnpq) σrEA˙σsDB˙
−
1
6
(
ηnpσmqDE − ηmpσnqDE + iεmnptσ qDEt
) (
ηrsεA˙B˙ + σrsA˙B˙
)
−
1
6
(ηmpηnsηrq − ηnpηmsηrq − ηmqηnsηrp + ηnqηmsηrp) εA˙B˙εDE
−
i
6
(εmnspηrq − εmnsqηrp + εpqrmηns − εpqrnηms) εA˙B˙εDE
−
1
6
(
ηmsηrqσnpA˙B˙ + ηnsηrpσmqA˙B˙ − ηnsηrqσmpA˙B˙ − ηmsηrpσnqA˙B˙
)
εDE
−
i
6
(
εmnsuηrpσ qA˙B˙u − ε
mnsuηrqσ pA˙B˙u + ε
pqruηmsσ nA˙B˙u − ε
pqruηnsσ mA˙B˙u
)
εDE
+
1
6
(ηmuηns − ηmsηnu + iεmnsu) (ηpvηrq − ηrpηqv + iεpqrv) σEA˙u σ
DB˙
v
+
1
6
[
(ηmqηrp − ηmpηrq + iεmpqr)σnEA˙ − (ηnqηrp − ηnpηrq + iεnpqr)σmEA˙
]
σsDB˙
+
1
6
[
(ηmsηnp − ηmpηns + iεmnps)σqDB˙ − (ηnqηms − ηnsηmq + iεmnqs) σpDB˙
]
σrEA˙
+
i
6
(εmnpuηqr − εmnquηpr)σEA˙u σ
sDB˙ +
i
6
(εmpquηns − εnpquηms)σrEA˙σDB˙u
+
1
6
εmnuvεpqrvσ
EA˙
u σ
sDB˙ +
1
6
εmnsvεpquvσ
rEA˙σDB˙u
+
1
6
εmnsuεpqrv
(
ηuvε
A˙B˙ − σA˙B˙uv
)
εDE (B.9)
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